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ABSTRACT: A general coherent control scenario to suppress or accelerate
tunneling of quantum states decaying into a continuum is investigated. The
method is based on deterministic, or stochastic, sequences of unitary pulses
that affect the underlying interference phenomena responsible for quantum
dynamics, without inducing decoherence, or collapsing the coherent evolution
of the system. The influence of control sequences on the ensuing quantum
dynamics is analyzed by using perturbation theory to first order in the control
pulse fields and compared to dynamical decoupling protocols and to
sequences of pulses that collapse the coherent evolution and induce quantum
Zeno (QZE) or quantum anti-Zeno effects (AZE). The analysis reveals a
subtle interplay between coherent and incoherent phenomena and demon-
strates that dynamics analogous to the evolution due to QZE or AZE can be
generated from stochastic sequences of unitary pulses when averaged over all
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possible realizations.

I. INTRODUCTION

Advancing our understanding of coherent control techniques
to accelerate or suppress tunneling of quantum states decaying
into a manifold of continuum states is a problem of great
technological interest." > Tunneling is central to a wide range
of molecular and electronic processes and often determines the
lifetime of metastable states and the timescales of electron and
proton transfer. During the past 30 years, several coherent
control methods have been developed and optimized to manip-
ulate a wide range of quantum processes* ™ " including tunneling
dynamics.®"®"*7'° This paper focuses on one of the most
recently proposed methods,'>** >* based on sequences of
unitary pulses that repetitively change the phases of interfering
states responsible for quantum dynamics without inducing
decoherence or collapsing the coherent evolution of the system.
The method has been numerically demonstrated as applied to
control superexchange electron tunneling dynamics in mono-
layers of adsorbate molecules functionalizing semiconductor
surfaces when using either deterministic or stochastic sequences
of unitary phase-kick pulses.”> *° However, the underlying
control mechanism induced by those sequences of unitary pulses
has been difficult to elucidate from a cursory examination of the
ensuing dynamics.

This paper reports a rigorous theoretical analysis of the origin
of quantum control as resulting from the interplay between
coherent and incoherent phenomena induced by deterministic or
stochastic sequences. Control is analyzed by perturbation theory
to first order in the pulse fields and compared with dynamical
decoupling (DD) protocols® ~** and sequences of pulses that
periodically collapse the coherent evolution® > and yield
dynamics modulated by quantum Zeno (QZE) and quantum
anti-Zeno (AZE) effects.”>***® The reported results provide
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fundamental insights into the origin of suppression of quantum
tunneling by sufficiently frequent perturbation pulses and accel-
eration induced by pulses separated by finite time intervals.

The analytic expressions reported for the description of short-
time dynamics also provide understanding of the effect of
randomization of pulse sequences and clarify how the ensuing
dynamics depends on the average time period between perturba-
tional phase-kick pulses when averaged of all possible realizations
of control sequences. These results are particularly valuable, since
stochastic pulse sequences have already been demonstrated to
achieve control in condensed material systems®”*° or predicted
to outperform deterministic pulsed schemes in control of
quantum coherences.'>** Considering that current laser tech-
nology can produce a wide range of pulses with ultrashort time
resolution and extremely high-peak power, it is natural to expect
that the quantum control techniques explored in this paper
should raise significant experimental interest.***’

The paper is organized as follows. Section II introduces the
model system and the description of spontaneous decay due to
tunneling into a continuum. Section III introduces coherent
control based on equally time-spaced phase-kick pulses, as
applied to the acceleration or suppression of tunneling into a
continuum. Section IV analyzes a generalization of the method to
sequences of randomly time-spaced pulses. Section V explores
stochastic sequences, averaged over all possible realizations, as
compared with DD protocols and quantum Zeno effects. Con-
cluding remarks and future directions are presented in Section VL.
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Figure 1. (a) Unstable quantum state |s) tunneling into a manifold of continuum states |k;)|k,) with couplings Vj,. The 1n1t1a1 metastable state {x|s) =
@, () is defined as the ground state of an electron in the quadratic approximation to the quartic potential V(x) = —ox® + Bx* with o = 1/2 and
/3 =0.0461. (b) Time-dependent population Py(t) = (|1 — h(x)| @,y due to evolution on V(x), with V(x) V(x,) for x < x, = 2.33 au, as modulated by
instantaneous 247 pulses applied at time intervals At. Here, h(x) = 1 for x < 0 and h(x) = 0, otherwise.”*

Il. TUNNELING INTO A CONTINUUM

We consider the system depicted in Figure 1, initially prepared
in a bound metastable state |s) coupled to a continuum, as
described by the following Hamiltonian:**

H = sy | + > olk) K[+ D (Vielk) (5| + Viels) (k)
k k
(1)

where |s) and |k) are stationary eigenstates of H, when V; =0,
with energies w; and wy, respectively. For simplicity, notation is
kept in atomic units (with A =1). When Vj, # 0, state |s) is
nonstationary. Therefore, a system initially prepared in state |s)
spontaneously decays by tunneling into the continuum. In the
absence of external perturbations, the time-evolution is described
by the time-dependent wave function,

W(t) = ot sy + Zﬂk

with 0,(0) = 1, and 3,(0) = 0 for all |k). The equations of motion
of the time-dependent expansion coefficients, introduced by
eq 2, are obtained by solving the time-dependent Schrodinger

equation, as follows:
Y Vel
k
ﬁk =
Integrating eq 4 from time f;, to time ¢ yields

Bi(t) = Bi(ts) = — i/t Ve @ 0 o (¢') df’

ty

)e Mk (2)

_ W, — o)t

(3)

- inSei(wk ‘“s)tas

(4)

and substituting eq S into eq 3 gives

/MJ
—i Z Vske — ot

Equation 6 can be solved exactly by using standard Laplace
transform techmques.,344 however, for sufficiently short time
intervals, one can approximate 0,(f) ~ 0,(t,) as shown in

~9 ay(t) df’

Br(tv) (6)

Appendix A and obtain the following solution of eq 6:*"**

o(t) =~ ag(ty <I_Z|Vk5|/ kaSt—tb dt)

- izk: VSk/t M B (1) dt
b

where we introduced € = @, — ;. Similarly, the expansion
coefficients for states |k) are obtained from eq S, as follows:

(7)

m@wmmﬂwm%ﬁwwy (8)

It is important to note that the above approximation holds only in
the limit of short time intervals for which t — #, < 271/Qy..

Equation 7 yields the standard expression for the spontaneous
population decay of state |s) due to coupling to the manifold of
continuum states |k), as follows:'>>>*

jo(t)” =1

Pi(t) =

and is valid up to second order in perturbation theory, since it
neglects terms of O(|Vj|*) and higher.

Sections III—V show that the spontaneous decay described by
eq 9 can be suppressed or accelerated by perturbing the system
with a train of unitary pulses (Figure 1) that change the phase of
the wave function component along state |s) relative to the other
terms in the coherent state expansion of eq 2. Section V also
shows that eq 9 is recovered in the limit where the pulses have a
low probability of inducing changes of phase.

Ill. PERIODIC PULSING

Consider the evolution of the system, introduced in Sectionl],
as perturbed by two consecutive instantaneous pulses, Q, spaced
by a time interval At as follows:
1 Evolve the system for a short time period, At, using eqs 7
and 8.

2 Apply an instantaneous pulse, Q-

3 Continue the evolution, from t = At to t = 2At, according to
eqs 7 and 8.

4 Apply another pulse, Q-
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Repeating steps 1—4 n times, evolves the system to time t =
2nAt, yielding the expansion coefficients a,(2nAt) and 5(2nAt)
for states |s) and |k), respectively.

For simplicity, we consider the specific case of sequences of 277
pulses, for which each pulse, Q, changes the sign of the projection of
the time-evolved wave function along the direction of |s) as follows:

Qlw) = ) = 20) (slw) = D> 1K) CKlw) = Is) Gslyy  (10)
k

leaving unaffected the projection of |1/) along the manifold of states
|k) in the continuum. Therefore, 277 pulses can be represented as
Q, =1 — |sXs], yielding the following evolution for the expansion
coefficients:

oI QuAL |
pular) m@—%ngfjm@
a(Af) = o,(0) (1 — (A=) K(¢) dt’)

At
—iY / ¢4 B (0) dral (Af) = —o(Af)
k 0

eiZQgAt _ eiQhAt ,
Br(2At) = BL(At) — iV oL o, (At)

t

2At
- izk: Vi /A t e B (Af) dt

o (2A8) = —a (2A¢) (11)

, 2At
o, (2At) = o, (At) (1 —/ (2At =) K(f' — At) dt/>
A

where K(t) = Zk'Vk.s Zei2ut Collecting the expressions, introduced
by eq 11, with 0,(0) = 1 and /3,(0) = 0, we obtain

as(2At) = {(1 -

and changing the limits of integration in eq 13, we obtain
/

At t . ,
Terms from I = 2nAt Vis 2/ (1 - —> e qf (14
Sl " (1 g )e a0

Similarly, contributions from terms II and III are obtained, as follows:

2n =1 ool 1A
TermsfromIlandIll = Z Z (=1Y /
k j=1 jAt

Vae' ™ B (jAt) df
(15)

where the summation over j starts at j = 1 because 3,(0) = 0.
Substituting 14 and 15 into 12, we obtain

At t
1 — 2nAt 1—— | K(¢)df
n 0 ( At) ( )
2n — 1 {j+1}At o
S [ e g a

o,(2nAt) =

=t At t/
=1-—2nA 1—— | K(t) dt
n t/o At> (t)
2n—1 ) thkt _1
=iy Y (=1) Va BiliAt)  (16)
koj=1

Appendix B shows that one can introduce the substitution,

Vks eSrAt 1
Be(jAt) =

{(—ye™i =1} (17)

QIGAL‘ + 1

into eq 16 to obtain

At t/
o, (2nAt) = 1 — 2nAt / (1 - —) K(t) dt

( iQuAt __ 1)2 2n— 1

QuA Vi i QA
o Z ' tQ 2 e’ijAt—‘rl Z {1 o (_l)le Y t}

k j=1
(18)

AAL—)K(H) dt') —i Y, ske"”skt'ﬂk(o)dt’}x

(1* 20t — K — At) dt’) i Y RN Vet B (At +
At 2At
:1—/ (At —t)K(t) dt/—/ (2At — K(H' — At) dt’
0 At

—ZZ/ Vaee™ ' 3,.(0 dt’—i—zZ/

2At

Var€' 4+t B (At)dt

I

where terms of O(|Vk5|3) have been neglected. Terms II and III
have opposite signs and, therefore, introduce the couplings to the
continuum with interference effects.

Repeating the process described above n times, we obtain
0,(2nAt). The contributions to a(2nAt) from term I are

A .
Terms from [= Y, |Vks|zj(; ' t)e %t dt' 4 ...
k

AT
+o W [
k G-1
+ Z |Vks|2/zn ~ 1At
k

2nAt (2nAt — ')t~ Rr = 1AD g¢/ (13)

(jAt — )t — = 1A g4 4
t

111

(12)

The summation over j in eq 18, as detailed in Appendix D,
leads to the central result of this paper:

‘V |2 iQgpt’ dt/

as (2nAt) = 1 —2nAt Z/

A
; 2
_ Z ‘Vk |2 (CZ.SZ’”At - 1) (e—iSlk527LAt _ 1)
%At 4 ]
Fi
—iQps A 2
o Z |[Vis | it (et —1) (19
O’ (e %At 1 1) .
Fi
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Equation 19 is an important result, since it provides an explicit
description of the state amplitude, 0,(2nAt), as a function of the
time interval At between phase-kick pulses, yielding fundamental
insight into the origin of interference phenomena introduced by
the various terms. In addition, eq 19 allows for calculations of the
survival probability of state |s):

At
la2nAt)* = 1-2nAt {QReZ/ 1-—= |% 2 ekt gy’ }
= Jo

A
—2Red FL— 2Red Fi+
N RN
B ¢ (20)

with

'\ o
A :2ReZ|VkS|2f0At (l——)e‘g*‘kt dt’
k

(22)
)

|Vis|? Ar\ 2nAt
B=2ReZF,i :Z Q. tan” st? sin? | Qg 5

—AtZ|V|

Note that terms A and C in eq 20 cancel each other, and term B
determines the time-dependent survival probability, as follows:

o (2nA)[ = 1—2Re Y Fy
k

=1-> g’jz

(%)

Equation 22 gives the survival probability, P,(t) = |o,,(t)|? as a
function of the time interval At between pulses. Note that when
the time interval between pulses is large, eq 22 is identical to eq 9
describing the spontaneous decay in the absence of pulses.
However, due to the modulatory factor tan’(w,—w;)At/2 in
eq 22, decay is suppressed when the time interval between pulses
is sufficiently short, At — 0 (with t = 2nAt), and accelerated
relative to spontaneous decay when tan*(Q At/2) = tan”((w,—
w)At/2) > 1. Maximum acceleration is achieved when At =
7/ (w,—wy). Equation 22 agrees with previous work,”*** includ-
ing the study of decay into a continuum,””**** and the decay of
coherences in a system of spin 1/2 qubits in contact with a bosonic
bath when periodically pulsed by dynamical decoupling seque-
nces.”’ The derivation presented in this section, however, is novel,
since contrary to earlier studies, it is derived from eq 19, providing
an explicit description of the evolution of the expansion coeflicient,
0,(t), as a function of the time interval At between pulses.

tan? (stg) sin’ <st2nAt)
2 2

(22)

IV. STOCHASTIC PULSING

This section analyzes stochastic sequences of 277 pulses, using
the perturbational treatment introduced in Section IIL. Rather
than pulsing the system deterministically, as in Section III,
stochastic sequences pulse the system at time intervals Af, but
only with 50% probability.

To obtain the survival probability P(t) = |o,(t)|* at time t =
2nAt, we analyze first the state of the system at time t = 2A¢,
obtained by propagating the expansion coefficients for states |s)
and |k), as follows:

At _
Bi(At) = p(0) — iV (lek> 0,(0)

At
o(At) = ay(0) (1— / (At—t) K(t) dt’)

At
— iZVsk / it B.(0) dt
k 0
o (At) = &, a,(At)

eiQSkZAt _ eistAt ,
Bi(2At) = B (At) = Vi o, o (At)

t

o (2At) = ol (At) (1 - /ZAt(zAt— t) K(t — At) dt’)

2At

o (2A1) = &, o (2A1) (23)

et B (At) dt

where &; are stochastic variables that take on values of £1 with
equal probability and correspond to the system being perturbed
(i e:‘f =—1)bya2mpulse (ie, Q=1— |s><s|) attime £, = jAt, or
not (1 e, £ =1).* The expansion coefficients for the contlnuum
states are obtained as follows:

i(wk - w,) 1 I—1
BrllAL) = =iV (7) 1+ ) gellon ot

l((l)k =1
(24)

and the time evolution of the initially populated state |s) is

At ’
as@nat) = T2 (1—2nAt /0 (1-&)1((5) dt’)

G
2n—1 2n Wk |2 -1
,Z Z Hf ( QslH1)At _ le‘;lAl) o s 2 (emksm _ 1) 1 +Z€lemkszm
ko I=1 j=l ks) im1

’ (25)

Note that in the limit when §; =
efficiency), eq 2S5 yields

1 (ie., pulses with 0%

2
2nA
Z Vi 2sin2 (stn—t> (26)

() >
2
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which is the expression for spontaneous decay, introduced by
eq 9.** More generally, the survival probability of the system
evolving under the effect of pulses with &; # 1 is

lo(2nAL))* = |G* — 2Re(F*G) + |F|*

At ¢
|G]* = 1—2Re 2nAt/ (1 —E>K(t’) at
0

2n 2n—1 2n e*ika[l + 1At _ e*ikalAt
ro-1lax S e (=g

=1 &k I=1 a=I

Vil o L o
X——— (e —1) [ 14 Eye (27)
() ;,Z:l

where |F|” is neglected, since it involves terms of O(|V|*).
Equation 27 shows that coherent control can be achieved with
stochastic sequences of phase-kick pulses. Note that the popula-
tion decay is suppressed (ie., |0.(2nAt)|> — 1) when At— 0. In
addition, decay can be accelerated relative to the spontaneous
behavior described by eq 9 for larger values of At.

To analyze the effect of averaging over all possible stochastic
sequences, we consider independent random variables with

(&) = 0, for which,
<§1§2"'§n> = <§1> <§2> <§3><§n> =0 (28)

Therefore, (F*G) = 0, and the average short-time population
decay at t = 2nAt is

(Jo(2nAt)?) = |G

6" = l—ZnAt{ZRe </0At (1 _i_lt) K(¢) dt/>}

= 1= y,2nAt

At ¢ . ,
Yavg = 2Re /0 (1 _Kt> K(t) dt

Interestingly, ¥..q is exactly the decay rate derived by Kofman
and Kurizki in the context of CLZE,S‘F36 in which, contrary to
unitary phase-kick pulses, the pulses collapse the coherent evolu-
tion, as due to a measurement, by projecting the time-evolved
state into a state (e.g., |s>) For comparison, Section V derives the
QZE and AZE dynamics by using the perturbational treatment
implemented in this section in conjunction with pulses that
collapse the coherent evolution into state |s). The observed
correspondence in the decay rates suggests that the dynamical
effect of repetitive collapses is equivalent to the destructive
interference induced by stochastic sequences of unitary pulses
when averaged over all possible realizations.

V. QUANTUM ZENO AND ANTI-ZENO EFFECT

QZE and AZE occur when the coherent evolution is
repetitively interrupted by collapsing the system onto state l
s), as in a measurement process described by P = [s)(s].2
Sufficiently frequent pulses freeze decay dynamics (zeno
effect),®! whereas sequences with longer time intervals be-
tween pulses accelerate the decay (anti-zeno effect).3* In their
landmark work on the topic, Kofman and Kurizki elucidated
the mechanism via which both of these effects set in, hinting at
the relation between the density of states of the continuum
and the time interval between measurements. We refer the
reader to the original work of Kofman and Kurizki** for the
relevant details of the processes. In this section, we compare
the resulting dynamics to coherent control schemes, described
in Sections III and IV.

We consider the Hamiltonian, introduced by eq 1, with U
denoting the short-time evolution as described by eqs 7 and 8.
P = |s)s|- represents the measurement process, collapsing the
system onto state |s) at time At, yielding a state with

o, (At) = (|PUJy) (30)

and devoid of any population in states |k> (ie., ﬂk(o) =0). Now, if
the time evolution proceeds in sufficiently small time steps of
order At, then the population of states |s) will remain negligible
for later times. Using eq 7 for computing the survival probability
in state |s), we obtain

At
low(AD) > = a5(0)|2<1 —2Re{Z|Vk5|2/O (At —t)e dt’})

(31)

Repeating the evolution and measurement steps, 21 times, we
obtain the survival probability at time ¢ = 2nAt.

2 2
(1 —2Re{Z|Vks|2

k
At
/ (At — ') dt'}) (32)

Substituting eq 31 into eq 32 recursively, we obtain the
survival probability at t = 2nAt,

o, (2nAL)| = |ag([2n — 1]At)

2

0, (2nAt) o,(0)

2(1 —ZRe{ZWkSP

k
At .
/ (At — 1)t gt
0

2
(1 - 2Re{ > Vil 2nAt
k

/0 B (1 - Zt) et dt'}) (33)
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where we have neglected terms of O(|Vk5|3) and higher, as
appropriate in the weak coupling limit. After the final integration,
the above expression takes the form

2 2 2 (At it gy L)
s\ 4T = | - € ks - ot osk
jas(2n AN = lag ) (1= 2Re {0, Vil [ (At = 1) ar })
sin? (44t (34)
~ lag(O)f | 1204 |Vks|2At%
k (QkS?t)

YZENO

where the rate yzgNo is identical to term A in the expression of the
survival probability for the system under the pulsed coherent
evolution (see eq 29). Such a term A, therefore, leads to the
effective emergence of QZE and AZE when terms B and C cancel.

VI. CONCLUSIONS

In this paper, we have shown that quantum tunneling can be
suppressed or accelerated by using deterministic, or stochastic,
sequences of unitary pulses that affect the underlying interference
phenomena responsible for quantum dynamics, without inducing
decoherence or collapsing the coherent evolution of the system. A
rigorous theoretical analysis based on perturbation theory to first
order in the control pulse fields showed that sufficiently frequent
perturbation pulses suppress quantum tunneling whereas trains of
pulses separated by finite time intervals accelerate tunneling relative
to spontaneous decay. The reported expressions also provided
understanding of the role of randomization and the emergence of
dynamics analogous to the evolution due to QZE or AZE, generated
by stochastic sequences of unitary pulses when averaged over all
possible realizations. The comparison to DD protocols and to
control schemes based on pulses that collapse the coherent evolu-
tion reveals a subtle interplay between coherent and incoherent pheno-
mena when stochastic sequences of unitary pulses are averaged over
all possible realizations. We emphasize, however, that the resulting
coherent control induced by sequences of unitary pulses is due to
interference effects, with destructive interference averaged over
stochastic sequences yielding dynamics analogous to the behavior
of the system in the presence of repetitive collapsing pulses.

Our theoretical procedure showed how to analyze coherent con-
trol techniques on the basis of sequences of unitary pulses, QZE,
AZE, and DD techniques on an equal mathematical footing. The
calculations essentially unify the treatments due to Kofman and
Kurizki®* and Agarwal et al*>**** and in the process go beyond
their treatments to reveal the inherent intricacies of dynamics,
showing that the decay pattern for deterministic decoupling is, in
essence, universal rather than restricted to a particular system (e.g, a
system of spin 1/2 qubits).”’” This assertion is supported by the
analysis of a common system, tunneling to a continuum, as affected
by the various control techniques. Our theoretical analysis has shown
that common terms affect the evolution as modulated by both
coherent and incoherent control schemes, with the manifestation of
QZE emerging from averaging out some of the contributing terms.
The emergence of such behavior upon random pulsing is due to the
stochastic phase that washes out the coherent interference effects and
brings forward the otherwise suppressed incoherent effects.

Considering the simplicity of sequences based on phase-kick
pulses, the similarity to pulsed NMR techniques, and the fact that
other pulse sequences have already been demonstrated to achieve
control in condensed material systems, we anticipate that the control
techniques analyzed in this paper should raise significant experi-
mental interest.

B APPENDIX A

This section derives the short-time approximation, introduced
by eq 7. For a sufficiently short time-interval,(t — #,), we assume

o,(f') ~ a,(t,) in eq 6,
t

as(t) ~ — as(tb)/ Z |Vks|2ei95k(t* t) dt/ _ iZVskeiQSkt ﬁk(tb)

51— o ult — )

tb Z|Vk5| le
—iZVske B (1) (A1)
P

where we use the definition Qg = w,
eq AlAl by parts, we obtain

— wy. Now, integrating

t
) /1 _ e’st(t’ - tb>

a(t) = ou(ty) = ou(ts) Y Vit o
k S

ty

+ /1: tleigsk(t/ —t) df — iz Vsk/t dtleiQSkt/ﬂk(tb)
t]
= — oty Z'V’“| t/ —) gf
+ / e ) gy —iy Vi ﬁ dt’ e B (1)
t k
= —a ) YWl [ (= e ar
k fy
—i) Vi / ) (a2)
k t

B APPENDIX B

Using eq S and the scheme defined in eq 11, the evolution of
the continuum states in steps At is obtained as follows:

eikaAt -1
Bi(At) = B(0) — Vi <1(§2k5)> a,(0)
eiQkSAt -1
B (0) — iVi (m) a,(0)
eithAt _ ei(Qb)At ,

ei(Qb)At -1
Bi(2nAt) = B,(0) = iV, <7> 0,(0)

Bi(2At)

les

eiQkSZAt _ ei(ka)Al’ ,
—iVig| ———— | a (At
iV N (At)
eiQk‘3At _ ei(Qb)ZAt
— iV | —————— | o,(2At
| (21
eika4At — eigkﬁAt ,
+ iV | —————=— (15(3At)
Qi

1

eika(Zn —1)At _ eika(Zn —2)At
v iV o) o,([2n — 2]At)
182ks

(B1)
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where o/ (IAY') = —a,(IAt) accounts for the phase flip due to the
action of a 277 pulse. To obtain an expression of 5;(2nAt) of
O(|Vi|*) we keep only the zero-th order term in the expansions
of o, (IAt) in powers of V, and we obtain the compact expres-
sions for the continuum state amplitudes, as follows:

S QUAL
Bi(At) B(0) — iV (T) o(0)

eiQk;At -1
Bi(0) = iV, (Tks> a,(0)

Bi(2At)

1

eiQkSZAt _ eikaAl’ ,
— iV | ———=—] o (0
O

iQy

eikaAt _ einAl’ ,
0(0) — iV 0. a,(0)

eiQk(:iAt — eiQk‘ZAt eika4At — eiQkS?)At
— i [ ) (o) + i [

eiQ,GAt -1
mmwumzm@—%c___>

les 1ka

, eika(Zn —1)At _ eika(Zn —2)At
a,(0) ... iV ron o,(0)

1

Bi(IAt) = Q—’“Z( — 1) (TN (i — 1)*Q Aty
ks

=1

_ &(eiijAt _ 1)(( _ l)leiQk‘lAt _ 1)
ka eiQJGAt + 1

(B(0) = 0)
(B2)

Note that the continuum-state amplitude at any particular
time step accounts for all the continuum state amplitudes at prior
time steps. Moreover, contributions from even and odd time
steps occur with alternating signs. This is a direct consequence of
the phase flip of the system state as a result of the pulsing, which
affects the above evolution equations in the form of 0,(0). An
interesting analogy emerges if one interprets the sign change as a
time reversal of continuum dynamics under successive pulse
applications.*” In the context of NMR, this amounts to spin
echoes™ initiated with the purpose of negating the continuum-
induced decoherence in spin—spin correlations. In the event of
no pulses, the above expression becomes a telescoping sum,
which eventually leads to the spontaneous decay behavior.

B APPENDIX C

This section compares the coherent control scenario based on
random variables &, = =1, introduced in Section IV, to the
dynamical decoupling scheme based on random variables,
%n={(—1)",n € N}, considered by Santos and Viola for manipulat-
ing coherence in spin 1/2 qubits.”” We modify the scheme defined
in eq 23 as follows:

S QUAL
Bu(At) = B(0) = iVisdo <Q> a,(0)
18&s

a,(0) (1 - MAr— ) K(Y) dt’)

o, (At)

At
- iz Vsk/ 2y B,(0) di(2At) = Bi(At)
k 0

eiQkSZAt _ eiQhAt

2At
= 0,(At) (1—/ (2At —t') K(t' — At) dt')
A

t
2At o
—izk:mk /At €2 B (A (CL)

where K(t) = Y (| Vi|* > and A; = (—1) for a deterministic
pulsing scheme. If we collect the expressions from eq C1, we obtain

{as(o) (1 — /OAt(At — ) K(¢) dt')

o,(2At) =

X { (1 - /ZAt(ZAt —t') K(t' — At) dt’) }
At

2At
— iz / Ve 11 BL(AL) dF
 JA

t
At
:1—/ (At =) K(t') dt’
0

2At
—/ (At —t)K(t — At) dt
A

t

At
_ / Ve 1y B,(0) df
r 70
2At .
_ / Ve ™ 1, B, (At) &t
r JAt
At
:1—2/ (At—t)K(¢) d¢
0
AL
N IZ/ Ve 29 B,(0) df
r J0

2At
_ / Ve, B (A & (C2)
r JA

t

and

eiijAl’ —1 1—1 , )
ﬂk(lAt) = — iV T ijele‘JAt (C3)
i—0

J

It can be verified that using the above definition for continuum
states and substituting it back into eq C1, one obtains exactly
the expression derived in eq 24. We see from eq C3 that the
continuum state amplitude is a combination of terms that
alternate in sign as in eq B2B2 of Appendix B. Going back
to our analogy of pulse applications and spin echoes (see
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Appendix B), the application of periodic 277 pulses is equivalent
to the initiation of successive 7 phase shifts in the continuum
state amplitude. This is accomplished in this case by allowing the
variables to be ;= (—1)'. Using these definitions, the expression

j
for the survival amplitude becomes

At ¢
a(2nAt) = | 1 —2nAt / (1 _Kt> K(t) dt
0
2n— 1 p{l+ 1}At
M|
k 1=1JIAt

Ve 4 BL(1AL) & (C4)

Consequently, the resulting survival amplitude is

la(2nAt)[> = |G|* + 2Re(F*G) + |F|?
2 At t/
|G| = 1—2Re (ZnAt A <1 _At> K(t) dt')
A
sin st—t

71—2nAtZAt v 2 V|
sk
=

2n—11—1
Vi
2Re F*G — 2Re (Z Z Z;L]/l | k5| tQ;QAt _ 1)2

I=1 m=

2n—11—1

e—iQk‘(l—erl)At) _ —m(Z ZZ}“ |Vks|

cos[Qu (1 — m)At] (Cs)

where |F| has been neglected, since it is O(|Vk5| ). Assuming
that 4; = (—1),

2n—11—1 : |Vk5|2
We(FFG) = -2 > > (-1 "=y
k 1=1m=o0 (ka)
Af\?
(2 sin ka?) cos(Qy (1 — m)At)
2nA
sin? Q, nAt

At
Ay NP
k 2 (%
2

+on Yy |[Vi———2— (C6)

Substituting eq C6 back into eq CS, one obtains exactly the
result derived in eq 27, within the context of deterministic pulses.

When the variables are allowed to be stochastic, the expression
for the survival probability, eq CS, resembles the one obtained for
qubit coherence under similar conditions.”

B APPENDIX D
Equation 18 gives

At ¢
o,(2nAt) = 1 — 2nAt/ <1 - —) K(t) dt
o At

22n—1
_ E IQ kAt|Vk5‘ thAt B 1 X
Q 2

tkaAt+l Z{l_ a

l 195ijt}

(D1)

The summation over j is completed using 22" 'R =

(R(1 — R""))/(1—R) with R = —e"**", This leads to

t/

—— | K() dt
RGE

- Z wm Qe — )2
2 elQbAt+l

eistZnAt + eistAt
(211 — 1+ W)
At ¢ , /
= 1—2nAt/0 <1 _Kt> K(t) dt
_ Z :QSLAt|Vks| (e QA — 1)2 (211 n e’?sﬂn& — 1)
Q2 €A 4] eI QuAt | ]

k
At ¢ . ,
=1—2nAt 1—— ) K(¢) dt
e[ (1) 0

% ,gkmm (24— 1))
2 bt

2
iQp At
Z and Visl” [ €92 — 1 iQu2nA
- * tka (ezQKgAt_;'_l (e it — 1) (DZ)

k

o,(2nAt) = 1—2nAtfM (1

Using the definition k(t) = Zk|V,6|eiQ‘kt in eq D2, we retrieve eq .
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