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I. INTEGRATION OF NON-MATSUBARA MODES

Here we provide a step-by-step derivation of the Matsubara limit of the general ring-

polymer correlation function
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Note that we have discarded the contribution of the non-Matsubara modes to the exact
Janus operator and have taken the Matsubara limit (N — oo, M << N) to linearize the
Sine/Cosine couplings [Eq. (2)] as well as the Liouvillian [Eq. (5)]. We remark that the
Liouvillian £y, still depends on non-Matsubara Q modes through the potential V(Q).

We start by recognizing that in normal mode coordinates, the generalized Boltzmann
factor [e‘ﬁﬁ ]N is given by

N
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and where w; = 6 -

To perform the integration of the non—Matsubara modes in Eq. (1) we closely follow Ref.
[1] and recognize that upon neglecting the non-Matsubara modes in the Janus operator,
both the time-dependent observables [OA(t)}N [Eq. (4)] as well as the 7 couplings [Eq.
(2)] are independent of the non-Matsubara momenta P. The only dependence on the non-

Matsubara momenta comes, therefore, from the Boltzmann factor [e*BH ] . Note that the
N

integrals over non-Matsubara momenta modes are of the form
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which allows us to also integrate the non-Matsubara ‘stretch’ variables D;. As a result, the

Boltzmann factor [e*mﬂi in Eq. (1) reduces to
N
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where P, and D,; include only Matsubara modes and

N M
D
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In the N — oo limit the Gaussian distributions over the Matsubara Dj,; modes in Eq.
(10) become nascent Dirac delta functions. Indeed, note that the distribution over the D,

variable is of the Gaussian form
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namely, €, ~ O(N) and w; ~ O(1), and the Gaussian distributions become Dirac delta
functions,
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Therefore, anticipating this limit, we replace the Gaussian integrals with delta functions in

Eq. (10) and perform the integration over D; to obtain
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We recognise that the non-Matsubara position modes Q in Eq. (16) are distributed

according to Gaussian that in the NV — oo limit are nascent Dirac delta functions, namely
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Therefore, the non-Matsubara Q modes can be integrated out from Eq. (1), giving rise to

the smooth distribution

a(Qu) = Y VNTRQs, (19)

k=—M
containing only Matsubara modes. Thus, upon integration of the the non-Matsubara Q

modes, the Boltzmann factor becomes
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giving
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Note that by virtue of the delta constraint that allows the integration of non-Matsubara
Q [Eq. (18)], observables inside Eq. (1) effectively change as:

0(Q) =+ > V(ai(Q) > Our(Qur) = 1 D V(6(Qur). (25)

J=1 J=1

Therefore, time-evolved observables become

0] = "0 (Qu) = Our(t) (26)

where now the Matsubara Liouvillian is given by
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depends only on Matsubara modes.
Introducing Egs. (20) and (26) in Eq. (1), results in
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and o = (27r)M_1 (M!)%, and where we have dropped the M subscripts from the Matsubara
positions and momenta since there is no longer a need to distinguish between the Matsubara

and non-Matsubara modes.



Performing a similar integration of the non-Matsubara modes for the partition function

Zn results in
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where in the last line we implicitly define Zj;. Introducing Eq. (31) into Eq. (28) gives the

final result
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II. PHASE-SPACE CONTINUITY IN MATSUBARA SUBSPACE

For convenience, we define the vector X; = (Qq, P;) and V; = (0/0Qy, 0/0P;). |2, 3]
Since in Matsubara dynamics the Matsubara modes follows classical evolution governed by

the Hamiltonian H,;, it follows that

vt . Xt Z aQJt 6 J’t

9Q;, " op,,
0*H,, 0*H
=2 0Q;,0P;,  0P;,0Q;,
= 0, (33)

where we have used Hamilton’s equations of motion in the second line. Eq. (33) states the
incompressibility of the Matsubara phase-space. [2, 3]

On the other hand, the Jacobian matrix (cf. stability matrix) of the transformation
generated by the dynamics is given by [2, 3]

0X,

J(t> = a_)([)7 (34>

whose determinant governs the transformation of the volume element dX, as

dX, = det(J(t))dX,. (35)



The determinant of the matrix satisfies
det(J(t)) = eTr[an(t)], (36)

and, therefore, its time derivative is given by

%det(J (t)) = det(J(t))Tx [J (t)‘léJ (t)} : (37)

From Eq. (34), the time derivative of the Jacobian matrix is given by

d X,
dt (t) = 0X,’

(38)

Therefore, it follows that the second term on the right hand side of Eq. (37) can be written

using the chain rule as
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Noticing that
J(0) =1, (40)

it then follows from Egs. (37) and (39) that

det(J(t)) = exp ( / t dt'Vy -Xt/)
=1, 0 (41)

where we have used Eq. (33) in the last equality. It follows that
dX, = dX, (42)

which states the conservation of the Matsubara phase-space volume element along the dy-

namics.



Additional, defining the matrix [2, 3]

0 -1
M = : (43)
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where 0 and 1 are M x M zero and identity matrices, the Matsubara Poisson Bracket can

be written as

o 9 o 8 o
J - _
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Noting that
Vi =30V, (45a)
Vo = Va0, (45D)
and that
JOMI() — 0 —det(J(t))
det(J(t)) 0
= M, (46)

it follows that

\ \
N
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which proves that the Matsubara Poisson Bracket remains unchanged upon the change of

variables (Q,P) — (Qq, Py).

III. MATSUBARA TCFS FOR HARMONIC OSCILLATOR

For a harmonic potential with natural frequency Q of the form V(q) = $mQ2¢?, the

Matsubara potential is given by

M
Vi@ =m0 3 QL (15)
k=—M



Moreover, since the dynamical evolution of the modes is decoupled from each other and

classical, the dynamics is given by

Qr(t) = Qreos(Qt) + %sin(Qt), (49a)
Py(t) = Prcos(2t) — mQQgsin(§2). (49Db)

Furthermore, for linear and quadratic operators of the form ¢ and ¢?, the Matsubara ob-

servables are given by

qm = Q07 (50)
and
M
Gr = Y Qs (51)
k=—M
respectively.

To keep the notation simple, we will denote averages over the Matsubara density

efﬁ[HM*ieM} as

Zt B _i
<.>M (27TJ;ZJ)M /dQ/dP e~ BlHM(Q,P) GJV[(va)}.’ (52)

and averages over the ring-polymer distribution e %™ ag
(N pp = Z—f\_/fl/dQ/dP e PRM(QP) | (53)
RP= (2rh)M '
Notice that by performing the change of variables P, — P, +imw;,()_; and using the analytic
continuation contour integration trick,[1, 4] one can express averages over the Matsubara
density as averages over the ring-polymer distribution. Since for a harmonic oscillator the
ring-polymer distribution is composed of decoupled Gaussians in Q and P, it is straightfor-

ward to perform the integrals to show that

1
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and

3m?
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whereas any average involving odd numbers of Q and/or P variables [such as (Q)pp.

(PeQr) pp Or (QrQ_k) »p) vanishes.

Moreover, we will use the shorthand notation

[(to,t1) = Qk(tQ)TMQk(tl)
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0Qk(t2) 0Qk(t1) B 0Qk(t2) 0Qx(t1)
0P,  0Qy 0Qr  OF;

1 . I
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1 .
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Notice that f(t2,t;) does not depend on Q or P.

A. Sine-Sine correlations

Here we provide results for Matsubara correlations of the form

<{0M(t2)TMBM(t1)} TMAM@O)>M , (56)

that correspond to exact Sine-Sine correlations of the form

<{C’(t2)<?3(t1)} ?A(to)> . (57)

N
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1. A=B=C=4
Using Eq. (49) it is straightforward to check that
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where the last equality follows from the independence of f(t2,;) on Q and P.



Using Eqgs. (49) it is straightforward to check that
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where the last equality follows from the independence of f(t2,;) on Q and P.

3. A=B=¢g,C=¢
Using Eqgs. (49) it is straightforward to check that
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B. Sine-Cosine correlations

Here we provide results for Matsubara correlations of the form

=
Cu(ta) A yB(ty) ¢ Apg(t 61
(ot M aBut) f Auto)) . (61)

that correspond to exact Sine-Cosine correlations of the form
Cty) 5 B(ty) } ST Aty)) . 62
({Cw)% )} TAw) (62)
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1. A=B=C=4

Using Eqs. (49) it is straightforward to check that

<{QM(t2)<X>MQM(t1)} QM(tO)>M <{Q0(t2) MQO(tl)} Qo(t0)>M
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where we have used the contour integration trick with the change of variables P, — P +
imw@_k (note that since wy = 0, Py — Fy) and where the last equality follows from the

symmetry of the Gaussian integrals in the ring-polymer distribution.

ot N asauultn)} i to)) = <{Qo<t2>m@o<t1>} (ZQM»

MCOS(QtO)sin(QtO))

tQ, tl <Z <Qk>RP COS Qto
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+ m2)? 02

sing(Qt0)> : (64)

where we have used the contour integration trick with the change of variables P, — P, +
1mwiQ_ in the last step and recognize that, since integrals are Gaussian in the ring-polymer
distribution, terms of the form (P.Q1x)pp and (QrQ—_k)zp vanishes.

Using Eqgs. (54), and noting that w?, = w?, it is straightforward to check that
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Therefore, it follows that
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k
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where we have taken the M — oo limit in the last equality and used the identity][5]
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3. A=B=¢q,C=¢

Using Eqgs. (49) it is straightforward to check that

<{q§/1(t2)<X>MQM(t1)} QM(tO)>M = <{ (Z Qz(b)) <K>MQO(tl)} Qo(t0)>
2 M

— ({@R() N oQolt) } Qolto) )
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2

o) ~—eaksin(Qto)sin(Qt)

m2Q)
<Q0 Po)
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where we have used the contour integration with the change of variables P, — P +imw,Q _x
in the last step (note that Py — Fp) and recognize that since integrals are Gaussian in the
ring-polymer distribution, the term (QFp) zp vanishes.

Using Egs. (54), and recognizing that wy = 0, it follows that

<{QJ2\/[(752><K>MQM(t1)} CZM(to)>M = ﬁf(tz, t1) (cos(Qtg)cos(Qtz) + sin(Qtg)sin(Qt2))
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C. Cosine-Cosine correlations

Here we provide results for Matsubara correlations of the form

(Cm(ta) Bar(t1) A (o)) o

that correspond to exact Cosine-Cosine correlations of the form

<é@gﬁ?3@gﬁ?A@@>N

Using Eqgs. (49), it is straightforward to check that
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=0,

(71)
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where we have recognize that averages involving an odd numbers of Q and/or P variables

namely (Q3) np, (Q3F0) pp, (QoP3) gp and (Py)pp] vanish.

Using Eqgs. (49) it is straightforward to check that
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where we have used the contour integration with the change of variables P, — P, +imw. Q) _x
(note that wy = 0 and Py — F,) and recognize that since the integrals are independent
Gaussian in the ring-polymer distribution, terms with odd numbers of Q and/or P variables

vanish.

Using Eqgs. (54), and recognizing that w?, = w? and that wy = 0, it is straightforward to



show that
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Therefore, it follows that
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where we have take the M — oo limit in the last equality and used the identity/[5]
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IV. EXACT TCFS FOR HARMONIC OSCILLATOR

In this section, we will derive exact expressions for the three-point Sine/Cosine correlation
functions in a harmonic potential of the form V(¢) = imQ?¢*. To that end, it would be

useful to work with the ladder operators

aln) = valn—1), (2a)

atln) = Vn+1|n+1), (82b)

where |n) is an eigenvector of the harmonic oscillator Hamiltonian, whose time dependence
is given by

a(t) = ae™™ (83a)

at(t) = afe™™. (83b)

Two observables will be considered, namely ¢ and ¢*, whose time dependence in terms of

the ladder operators is given by

G(t) = ST (a'(t) + a(t)) , (84a)
G(t) = % (a'(t)al(t) + aa’ +a'a + a(t)a(t)) . (84b)

For ease of notation, in this section, we will denote traces over the density matrix p as

() ="Trip]. (85)

(80)



Notice that quantum averages that do not involve the same number of raising and lowering
operators (such as (a), (aa),{aaa'),...) vanish.
The following identities would prove to be useful in order to evaluate traces over raising

and lowering operators:

= 1
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Ze n(n — 1) = m, (866)
n=0
. 1 4 ¢ om0
S e (4 1) = A ey (86£)
n=0
- —Bhn 2e M4
n=0

A. Sine-Sine correlations
To compute exact Sine-Sine correlation functions we will use the fact that[6]
{ew B} FAw) = (7—) (||¢t). B, Awo)] ). (87)
and that

<Hé(t2),é(t1)] ,A(tO)D - 2%{<A(to)f3(t1)é’(t2)> - <B(t1)é(t2>21(t0)>}. (88)

Additionally, explicitly computing the trace and using identities Eqs. (86) it is straight-

forward to show that
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<d&Tde> — (1 — e_BhQ) Z e—ﬁhQn’H/(n + ]_) = m, (89C)
n=0
stoanat ARy N\ - hen 2e” 1
(a'aaa’) = (1—e )Ze n(n+1):m7 (89d)
n=0
e _ o B n 1 + e—ﬁﬁQ
(aataat)y = (1 —e ) Ze A +1)% = [(Ep=rrt (89e)
n=0
> —Bn2 (1 —BhQ
<&Td&Td> - (1 _e—BhQ)Ze—ﬁhan2 — ‘ (1 ( —_i_ﬁiﬂ)Q ) (89f>
— €

n=0

~ ~

1. A=B=C=4

Noticing that upon expansion in terms of raising and lowering operators [i.e. Eqs. (84)
and (83)] both (q(to)q(t1)q(t2)) and (G(t1)q(t2)q(to)) contains averages that do not involve
the same number of raising and lowering operators (such as (aaa), (afaa), (aaa’),...), it

follows from Egs. (87) and (88) that

({d(t2)574(t)} (ko)) y = 0. (90)

~

2. A=@,B=C=4
Using Eqgs. (84) and (83) it is straightforward to check that
I3 2
%“f%W“WWﬁﬂ::<zaﬁ {[(aaa'a’) + (a'a'aa)] cos (2t — t1 — t2))
+ [{aa'aa’) + (aa'a'a) + (a'aa'a) + (a'aaa’)] cos (Ut — t))}
= R{(q(t1)q(t2)3*(t0)) } - (91)

It follows from Eqs. (87) and (88) that

(Halta), d(t)}, ¢ (t0)}) = 0. (92)

A~ ~

3. A=B=qC=¢

Using Eqs. (84) and (83) it is straightforward to check that

R{(4(to)q(t1)@*(t2)) } = (m%) {[{aaata’y + (a'a'aa)] cos Uty + t1 — 2ts))



+ [(aaaa’y + (aa'a'a) + (a'aa'a) + (a'aaa’)) cos (Qty — to)) },

(93)
and that
R{(q(t1)G(t2)4(to)) } = (%) {[(aa'ata) + (a'aaa’)] cos (Qto + t1 — 2t2))
+ [(aa'aa’) + (a'a'aa) + (aaa’a") + (a'aa'a)] cos (Q(t1 —to))} -
(94)
Using Egs. (89), it follows from Eqs. (87) and (88) that
(e a0 ) = 5 (g ) 2eos @t +11— 26)
—2cos (2t — 1))}
1
= — (W) {COS (Q(tg + tl — 2t2)>
—cos (Qty — o)) }
2 . .
= (W) sin (Q(ty — 1)) sin (2 — to)) . (95)
B. Sine-Cosine correlation functions
To compute exact Sine-Cosine correlation functions we will use the fact that[6]
({ewrwsen} i), = () ([cw bw]sdw), @0
where the Kubo transformed correlation function is defined as[6, 7]
(5) (et Beo] o) = (5) 5 [ ar (100 Bl i)
L < () Bt Alt)) |
- —%%{@(m > (97)

Additionally, explicitly computing the trace and using Eqs. (89) it is straightforward to
show that

e—BhQ(l + e—BhQ)
(1 _ 6—5hQ)2 ’

(98a)



sat eaat) = (aataat) = ' b
(aa' e aa') = (aa'aa') (1= oy (98b)
8RO _ 1 BRQY _ 1) 9e—28hQ
<€LT&T& ° d> - (6 5hQ ) <deTdd> - (e BhQ ) (1 - —51(2)27 (98C)
— e g2
BhY 1) (eBhQ _ 1) e—ﬁm(l T e—ﬂhQ)
(atact o) = (afaata) = (984)
BhQ BEQ (1 —epr)2
BhQ _ 1 BhQ _ 1 9~ BhQ
<&dT&T ° d> - - LR : <ddeT&> - & BRO : (1 _eeﬁhﬂ)27 (98e)
_ B _ =B
Anat At _ (1 e ) A nfat _ (1 e ) 2 98f
<aaa °q > —BFLQ <aaa a > BhO (1= Py’ (98f)
_ B _ —BQ —BhQ
At At _ (1 (& ) Aafant _ (1 e ) 1+€ 98
<aa aea > —BHQ <aa aa > BhO (1= e-phay2’ (98g)
(1 — ePh2) (1—ePh2) ¢80

(d'aaea') = __5%5__<awaw>:: TR r=r (98h)

N ~

1. A=B=C=4

Noticing that upon expansion in terms of raising and lowering operators [i.e. Eqgs. (84)
and (83)] (G(t2)q(t1) @ G(to)) contains averages that do not involved the same number of
raising and lowering operators (such as (ad e a), (a'a e a), (aa' ea'),...), it follows from Eq.

(96) that

({d(t2) 5 (1)} @ d(t)) y = 0. (99)

A~

2. A=@,B=C=4

Using Eqgs. (84) and (83) it is straightforward to check that

3 {(ittgitt) o )} = (5 ) (@ aa) — (a0a")]sin (@t + 1~ 200)

+ [(afaea’a) + (a'a e aa’) — (aal e a'a) — (aa’ e aal)] sin (Qts — 1))},

(100)

where we have used the fact that averages involving not the same number of raising and
lowering operators vanish.

Noticing that

(a'a' e aa)y = (aaea'a’), (101)



(d'aeaa’) = (aa' ea'a), (102)

and using Eqgs. (98), it follows from Eq. (96) that

{a(t2) 5 4(t) Y T (t))y = _szm [(a'aea’a) — (aa' e aa')] sin (Qts — t1))
LY
h li i— e—BﬁQ] sin (Q(te — t1))

~ A~ ~

3. A=B=g,C=¢

Using Eqgs. (84) and (83) it is straightforward to check that

S{{P(t2)d(t) e 4(t))} = —% (Qmig) {[(a'a’a e a) — (aaa’ e a')] sin (Q2ty — t1 — to))
+ [(a'aa’ @ a) — (aTaa e a') + (aa'a’ e @) — (aa'a e a')] sin (Ut — to))},

(104)

where we have used the fact that averages involving not the same number of raising and
lowering operators vanish.
Using Eqs. (98), it follows from Eq. (96) that
1

({3 (t2) 5 a(1)} @ q(t0)) = G (5 (22t — t1 — t0) — sin (Aty — o))}
_ ﬁsm (Qts — 1)) cos (Uts — 1)) - (105)

C. DKT

To compute exact DKT correlation functions we will use the fact that[6, 8]
<é(t2)<?l§’(t1)<?/1(to)>N - <é(t2) o B(t)) o A(t0)>
1 B B R N N
= / dXo / d)\l TgC(tQ — i) Bt — z’h)\l)A(to)>

Ao
_ 25}3{52/ d)\o/ d\, é (ts — ih\o) B (tl—ziv\o)fl(to)>}

= 2R {<C(t2) «B > } (106)

where in the last line we have defined the non-symmetric (ns superscript) DKT.



Additionally, explicitly computing the trace and using Eqs. (89) it is straightforward to

show that
(a'ealeaa)” = %@mm = Bhlﬂ)?’ (107a)
(aeaea’a)” = %@aa*aw = (67119)2’ (107b)
(aTeaedla)” = (eﬁm@hl@_)fm) (a'aala) = (eﬁméhlsz_)fm) e_fjﬂ_u;ﬁi;ffﬂ),
(107¢)

ns BRY _ 1 — BRQ) B _ 1 — BRQ) 2 PIS
(at e aoaaty™ = L PR ataaaty = € prY) _2e (107d)

(Bh2)? (Bh2)? (1 —epme)>’
= o at e ata)s 1 BRQY) BN _ 14 BRQ) 2P0
(aealedla)” = ‘ (BhQ)? ) aata Q) = - (BhQ)? )<1 —ee—ﬁm)Q(lO?e)
oo ot e AT\ 14 BRQ) BN _ 1 4 BRQY) 1+ e P2
(aeat saat)y™ = L _— PR aataaty — € e ) - :_ﬁm)z,umf)

Noticing that upon expansion in terms of raising and lowering operators [i.e. Eqgs. (84)
and (83)] (q(t2) @ ¢(t1) @ G(to)) contains averages that do not involve the same number of
raising and lowering operators (such as (aeaea), (a'eaea), (aealeal),..), it follows

from Eq. (106) that

(((t2)C4(t1)C4(to)) y = 0. (108)

Using Eqgs. (84) and (83) it is straightforward to check that

R {(d(t) ® d(tr) @ *(t))"} = (Qmig) {[(a" e a 0aa)™ + (aeaealal)™] cos (Ot + 1 — 2t0))

+ [(ateaeala)” + (a' eaeaa’)” + (aeal ea'a)” + (aeal eaal)™]
x cos (Qta — 1))},
(109)

where we have used the fact that averages involving not the same number of raising and

lowering operators vanish.



Using Egs. (107) it is straightforward to check that

ns (PP —1— BRQ) (3e P 4 e2000)

(a"eaeda’a)” + (' eaeaal) (G (P (110)
ns . i oims —ARY _ 1 4 BRQ) (1 4 379
(aodtedla)™ + (awal eaal)™ = (mm; BhQY) El + :m)z, (111)
and, therefore,
(a"eaeala)” + (aeaeaa’)” + (aea eala)” + (aeal eaa’)"™
_2 (e
(BR82)? — (BRQ)(L — e=FH2)2
— (57129)2 + ﬁ;Qcoth (@) . (112)
Using Eq. (106), it follows that
2
(it D) D))y = 2 (5 ) { (e ) oo (@t + 0= 200)
+ {(57129)2 + ﬁiliQCOth (@)1 cos (Q(ty — tl))}
= <m> (COS (Q(tg + tl — 2t0)) + cos (Q(tg — t1>>>
+ <2ﬁTh2§23) coth (@) cos (Qta — t1)) . (113)
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