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1 Representations of the Gaussian state

The goal of this section is to first introduce the eigenstates of the annihilation operator, the

so-called coherent states |a) that fulfill the eigenvalue equation

ala) = ala), (S1)
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where a € C is a given complex number. Based on the coherent states, we will then introduce
the so called P-representation of density operators that we will use to unfold GBS. We will
see that a coherent state has a precise phase defined by the complex amplitude «, although
an indefinite number of photons, like the state of coherent light in a laser beam. In contrast,
a Fock state is an eigenstate of the number operator, corresponding to a fixed well-defined
number of photons although completely arbitrary (random) phase. In the following, we
focus on harmonic oscillator coherent states, while noting that generalization to anharmonic

coherent states is readily available.!

1.1 Overview of the coherent states

The goal of this subsection is to provide an overview of properties of coherent states that

would be vital for applications to the GBS.

Displacement operator. We start by showing that we can create coherent states, as

follows
D(a)|0) = |a), (52)

where |0) is the vacuum state defined as the ground state of the harmonic oscillator, and

D(a) is the displacement operator, defined as follows

A

D(a) = e~ ($3)

— eadfefa*&€7%|a|2 )

The second row of Eq. (S3) is obtained from the first one by using the Hausdorff for-
mula eAt8 = eAeBe3AB] with A = aal and B = —a*a, which is valid if [A,[4, B]] =
[B,[A, B]] = 0, as in this case. Note that [A, B] = —|a|?[al, d] = |a|?, since [af,a] = —1.

We will obtain Eqgs. (S1) and (S2) by showing that, according to the Baker—-Campbell-
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Hausdorff relation, D(a)faD(a) = a + a (part 1). Hence, with @|0) = 0, we can conclude
that D(a)faD(a)0) = «a|0), and aD(a)|0) = aD(a)|0) (part 2). Consequently, by

definition, D()|0) is equal to |a): the eigenfunction of & with eigenvalue .

Let us start with part 1: Firstly, we show that D(a)™' = D(—a) = D(a)':

A

D(a)™' = ezlol? gora g —aaf
(54)

e Hleleodt s _ )

where the first equality follows from D(a)"'D(a) = 1. The second row of Eq. (S4) is

obtained from the first one since

* A AT ot ko 2
e¥ipmadl _ —adl jata, || ] (85)

The Baker—-Campbell-Hausdorff relation

e*Be 4 = B+ A, B] + %[A, [A, B]] + (S6)
can be used with A = —aal + a*a, and B = a to show that
D(a)taD(a) = a + a, (S7)
since [/1, E] = [~aa' + a*a,a] = «, and therefore [121, [121, é]] = 0. For part 2, we apply the
vacuum state |0) to Eq. (S7) and obtain
D(a)faD()[0) = al0), (S8)
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since we have a|0) = 0. Therefore, according to Eq. (S1), we conclude that
D()[0) = |a), (S9)
which indeed is Eq. (52).
Series expansion. Substituting Eq. (S3) into Eq. (S9), we obtain
o) = e zloleadl g—a%d ) (S10)
and by expanding the exponentials in Taylor series, we get

o) = ezl ead’|0)

—Lia2 a”
= e 2l Z n!( a')"|0) (S11)
n=0
— 6_%|a‘2 a_n n ,

where the third row is obtained by af|n) = /n + 1|n + 1). In particular, we obtain the

following eigenvalue equation a|a) = ala) since

ala)y = e~ alol Z \/_|n - 1)
In— 1) (S12)

S L Y
Z \/ n—l)

= ae_%|0‘|2

S4



Given that the coherent state is an eigenstate of the annihilation operator, its complex

conjugate is an eigenstate of the creation operator

Overlap. Coherent states are not orthogonal since, according to Eq. (S11),

Expectation values.

follows from

(@]a)) = (afa))T,

(ala’ = (a] o*.

(Bla) = e zlol® g3 lAP? Z Z m#(m]n)

n=0 m=0 m'n'
& *\n N
— 6_%|a‘26_%|ﬁl2 g M
n!
n=0

The expectation value of position,

(alila) = <a ‘\/zjw (o +a)

)

h

=[5 ((alala) + (aa'[ a))
h *

— ,/%(a (ala) +a* (ala))
h X

“Vams @+

2
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(S16)

(S17)

(S18)
(S19)
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Likewise, the expectation value of the momentum,

mhw

p=—i\ = (a—a), (S22)

follows from
(a|pla) = <a i m;”” (a —af) a> (S23)
— —iy/ ™ (ol a) — o |a| ) (524)

2

_ _i,/@ (a(a]a) — o* (a]a)) (S25)
. [mhw "
= — T(Oz—a) <S26>

= V2mhwIm (a) . (S27)
Therefore, according to Eq. (S17) and Eq. (S23), we obtain
a=a«a —i—ia'—\/% —|—i; (S28)
T 7 2h qa thwpa’
where ¢, = (o|Z]a) and p, = (a|p|a).

Representation as wavefunction. The wavefunctions can be obtain by substituting the

eigenfunctions of the Harmonic oscillator,
n, n\—1/2 (7T 1/4 ~2 ~
(z|n) = (2"n)) (—h) exp(—i2/2) H, (), (S29)
T
into Eq. (S11), where & = xy/mw/h, with H,, the nth-Hermite polynomial, giving

(z]a) = (%)” etlap oy g [0/ V2 V'), ($30)
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The vacuum state corresponding to n = 0 photons is described by the wavefunction (x|0).
According to Eq. (S30), (x]0) is also a coherent state with v = 0 (i.e., the ground state of a
harmonic oscillator with mass m and frequency w). We note that the Hermite polynomials

are given by the characteristic function
P =3 H (3) (531)

as can be verified by the Taylor expansion at . Therefore, substituting the characteristic

function into Eq. (S30), with ¢t = a/v/2, we obtain

6—%(a%-{—a%)6%552e_(f2+a3/2—a12/2+iarai—\/§:%(ozr+iai)) (832)

Substituting a,. and «; in terms of ¢, and p,, we obtain

(z]a)

(m_;/t)) 1/4 e*(Qa\/%*ﬁ\/%)2e*ipa\/ ﬁ(ka\/%f\/ix\/ %)

™

mw 1/4 _(mw
) e

2h )(m—qa)2e%pa(x—qa)eﬁpaqa (S33)

mh

1/4 . .
(%) / e—%(x—qa)26%pa(w—qa)eﬁpaqa7

I
VRS

with v = mw/h.
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1.2 P-representation of the density operator

The Glauber-Sudarshan P-representation of the density operator, p (i.e., the P-function,

P(w)), is a pseudo-probability distribution defined, as follows

P / P(a)|a)(a] da, (534)

where d?a = d Re(a)d Im(a). As shown below,

o -
Pla) = ¢ / emat Iy ol g2y, (335)

T2

To prove Eq. (S35), we follow Mehta and compute (—u|p|u) by using Eq. (S34),

(—ulplu) = /P(Oé)<—U\Oé)(OéIU>d204‘ (S36)
Substituting (o|u) according to Eq. (S15), we obtain

(~ulplu) = / Pla)e b -blef -ttt o atu g2,

(S37)
= ¢ 1’ /P(oz)e_o‘|gea*“_“*a d%a.
Introducing the variable substitution o = x + iy and v = 2’ 4 iy/, we obtain
g Y Yy
(—u(’ ) plu(a’,y )@ = / Plafa, y))e "V elem @)= -k gy
(S38)

= /P(oz(x,y))e‘$2_y26_i29$,+i2y,m dzdy.

S8


https://en.wikipedia.org/wiki/Roy_J._Glauber
https://en.wikipedia.org/wiki/E._C._George_Sudarshan
http://ursula.chem.yale.edu/~batista/classes/CHEM584/Mehta67

Introducing the function I(z,7) by

1 ! 7150/ 7 7.0\ |2
13,) = 5 [ €7 (e y)lplute’, el de'dy
T
1 , o _
— ﬁ P(Q(ZL‘, y))e—z2_y2 /e—zQ(y—y)x +iy'2(z—7) dZL‘,dy, dedy
1 2 2 : AP/ 5 <839)
~ @2n)y? / Pla(z,y))e ™" / e DT dat dy” dady
= [ P(a(z,y))e ™ V' 5(y — §)d(x — 7) dady,
we conclude that
I(i,7) = P(a(i,§))e =7, (S40)
which gives us
ex2+y2 ' ' ,
Plae) = < [l |pfulal e da'dy
T
6‘042 <S41)

5 /e_‘)‘*““ﬁo‘(—u|ﬁ|u)e“'2 d?u.

o
Pure coherent states. For the pure state p = |5) (|, we obtain according to Eq. (515)

(—ulplu) = e~ 3lmu=BP 3 (—u*B+uf”) ,—31B—ul* L5 (B u—pu*)

(S42)
o lul? 182 gt w8
Therefore, substituting Eq. (S42) into Eq. (S41), we obtain
e‘o‘|2 . « 2 2 .k 2
Pla) = —; /e_a ututagmul o mIB guBTuT B glul” 42y,

T
elol” o151 gt 5y

— e @ u+u aeu,B —u*p d2u <S43)

o2 o152
e [ eyt 08) g2,

2 Y

-
/

™
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and considering that u = 2’ + iy, we obtain

o2 -lBP [ N
P(a) _ e ;2 /ez2z Im(a—pB)—1i2y’ Re(a—p) dx/dy/

e|a\2€7\6|2

_ ia:”Im(a—,B)—z’y”Re(a—,B)d "y
| o

= el PP 5(Im(a — B))5(Re(a — f3))

= 0%(a = B).

(S44)

Hence, for a pure coherent state, P(«) coincides with the classical density of states. In

particular, this shows that coherent states are classical-like quantum states.

Pure number states. The P-representation of a pure number state, p = |n)(n|, is ob-

tained, as follows

(—ulplu) = (=uln)(n|u)
o (945)
= e_IU| H(_U*)na

where we have substituted (n|u) in the second row, according to Eq. (S11), as follows
(n|u) = e 2" —. (546)
N

Therefore, substituting Eq. (S45) into Eq. (S41), we obtain

flal?

Pla) = /e_o‘*uﬂ*o‘(—u|ﬁ|u)e|“2 d*u

2

2
el ot o w2 (uw)" e
_ e ututa, Ju ( ‘ ) e|u\ d2U
n:

(S47)

2 2
elal 8 n Y *
e a*utu*a dQU,

nlr2 Oradro*
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which can also be written as

P(a) = ﬂa—%é%z (548)
ol radrar

Analogously, for an M-mode Gaussian state, we obtain

M 12 )
€|a3| 82’% )
P®§i1 |nj><nj|(a) - H nj! anjajanja;fé a;- (849)
=1

We note that this is the so-called tempered distribution function, which operates only as the

argument of an integral, as follows

(350

Expectation values for operators. In general, the P-representation of an operator
O(a', @), is analogous to the representation of the density operator introduced by Eq. (S34).

It involves the P-function Pp(«), which is defined, as follows

0= / a)|a)(a| da, (S51)

with expectation value given by

- / Pa(e) S (alpln){nla) d%a ($52)
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where Q(a) = 7 Ha|p|a) is called the Husimi function. In particular, for a pure state
p = )¢, the Husimi function is Q(a) = 7 '|(|a)|?. The derivation of the Husimi
function for an multimode Gaussian will be the subject of the following subsection. For the

particular case O = |n)(n|, we obtain:

1(07] = Telgln)nl) == [ Py (@)Q(0) e, ($53)

where Py () is defined according to Eq. (S48) as

Py () = 78”0(8"04*5 @ (854)
which yields
ela\2 s 1o
Tr[p|n)(n|] —W/Q T 8"&8”&*5 ada. (S55)

1.3 Husimi function of an M-mode Gaussian state

The Husimi function of an M-mode Gaussian state is defined, as follows

Qo) = 7" (alploy), (S56)

where a = (ay, ..., ayr,af, ..., ah,)T. The goal of this subsection is to introduce the Wigner
transform for the evaluation of Eq. (S56) for M = 1. As a result of this, we will obtain the

following expression

Qa) = ————=e'% ', (857)

where g = 0 + I»/2.
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Wigner transform. For the derivation of Eq. (S57), we first give the Husimi function for
a single-mode pure Gaussian state. The elements of the density operator of a single-mode

pure Gaussian state are given by

(@lplz’) = (xl)(Wla")

_ <1> Y (=0 o))+ dy =)
T

(S58)

Y

where d, = (1), d, = (p), and v = ({((& — d,)?))"*/2. These elements can be Wigner

transformed, as follows

_ -1 Lpy A Yy
ow (,p) = (27h) / it (z— Jofe+ ¥ ay

" » (S59)
= (ZWﬁ)le’Y(IQMﬁd%)/(Z) P P+ —dyy dy
T
= (Wh)_le*(W(x*dz)%r(l’*dp)?/(ﬁ%)).
For a given positive constant 7, > 0, let z = (\/fy_a(x —dg), (p— dp)/(ﬁ\/fy—a))T7 and
Ya/v 0
0= / . (S60)
0 7/
We then obtain
esza_lz
PW(l’,p) = e
—1,T5-1, (SGl)
e 2

omhy/| det(5])’

where 671 = 2071,

S13



Expectation values. Expectation values can be calculated in terms of the Wigner trans-

form, as follows

_ / (#15|#)(#|0) did’ (S62)
et 3 e 38

where 7 = x — £ and 7' = o + . Therefore,

A Yy Y Y A Y N 1.
<O>:/<x——|p|x+§>/<x+—l0|x—5>5(y—y)dy dzdy
// f——lplx+ >6"py/ a:+—|0|w—— e~ i dy dy dadp
" 91k

:/pw(:v,p)/<x+—|0\:v——>€ Y 4y’ dadp (563)

:/pw(x,P)/<x—%]OA\x+£

= / pw (z, p)Ow (z, p) dadp,

Do | <=

> en?? dy dadp

(\V]

where Oy (z,p) = [ <x — %|O|x + %/> ei?V dy/. In particular, the expectation value (o|p|a)

is given by

(alpla) = / puw (2, p) Wi, p) daedp, (S64)

with |a) defined according to Eq. (S32), and

Wa(z,p) = / <x - %\a> <a|x + %> e dy
(S65)

— Qeﬂa(%qaye*(pfpa)z/(vcxf?)’

with 7, = mw/h, ¢ = (a|t|a), and p, = (a|p|a), corresponding to the value a =

Ya/2qa + 1(274)"Y2h p,, according to Eq. (S28). Analogously, we introduce 3 =

S14



VVa/27 +i(27,) "2~ p, from which we conclude that
218 — af* = 7a(z — 2)" + (P — Pa)?*/ (Vah?), (S66)
which shows that
W, (z,p) = 2e 20—, (S67)

Substituting Eqgs. (S61) and (S67) into Eq. (S64), we find:

2Ts

(alp|a) = / AP gy

why/| det(d)] (S68)
1 1 gt A
— 3816718 —2[—al?® ;2
=——" [ ez e d=g.
/| det()] / y

For simplicity, let us consider the case where d, = d, = 0. Using that |3—a|? = (8—a)(8—

—1

a) =818 - pla—a'B+afa = B8 —2a'3 + ala, we obtain

—2ata
Slay) — —© —1B1(671+4)B 40l 32
aIp) = ———— e 2 e d /B
(alple) el
26720(“1

6%4af(&—1+4)—14a (869)

~ /Jdet(a + )] det(0)]
26—&(2—8(&*44)*1)@

V| det(6-1 + 4)]| det(5)|

Moreover, a short calculation shows that 2 — 8(67! + 4)™! = (¢ + L/2)7!, as well as

V|det(6-1 + 4)]| det(5)| = 24/| det(I2/2 + o)|. Therefore, we finally conclude that

Q(a) =7 alpla)
e—aT (0+12/2)"ta (S?O)

VIdet(o + L/2)|’

which, when generalized to an M-mode Gaussian, gives Eq. (S57).
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2 Output Probabilities of an M-mode Gaussian

In this section, we obtain the output probability distribution

Pr(n) = Tr

2 |nj><nj|] (s71)

for an M-mode input Gaussian, corresponding to occupation numbers of output modes n as
described by the tensor product of number state operators n = ®jj\i1 n;j, where n; = |n;)(n,|
measures the probability of observing n; photons in output mode j.

Substituting Eq. (S57) and Eq. (S54) into Eq. (S53), we obtain

M
_ 1 8271‘-
aelrglerale [T = g%, (872)

1
Pr(n) = [ e L
( ) 1/ ‘ det(O'Q>’ e nj! 8"104j6”ja;?
and integration by parts yields

1 a2n]~

M
1 Lot (Ion—o=t
Pr(i)= —— JT—_— =~ p3a'(lzu—0g))a , S73
Q V| det(og)| ]1_[1 n;! 0" a0 o - (573)
We note that
0 Iy
of (Iopg — oo ) =a’ (I — 05" )y, (S74)
Iy 0O
since is defined as a = (v, ..., ayr,af, ..., a%,)?. Hence,
M
1 1 o 1T
Pr(i) = ————— | | —————¢2% K , S75
( ) \/ | det(aQ)| Jl;[ le! 8”7'06]'8713'04; g0 ( )
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where we used

0 I
K= " (s — 03", (S76)
Iy 0

as previously defined. In particular, for the specific case of measuring n; € {0,1} photons

at each output mode, with N = Z]]\il n;, we obtain

_ 1 (92N 1 Tk
Pr(n) = - ez Ka
V| det(og)] Hj:l O 0M P
o ! (S77)
_ 1 - (9 %Q’TKO[ 7
V| detog)| T1.L, 0o -
where in the second row the indices [ = 1,..., N correspond to the output modes with

n; = 1. To evaluate Eq. (S77), we introduce Faa di Bruno’s formula in Sec. 3, showing that

it can be evaluated, as follows

Pr(n
(#)= m Z U o 2R (28) (78)
:;Haf(z(s),
| det(og)|

where 1; € Son (symmetric group of 2N elements) define the indices of measured photons
(bright modes) corresponding to perfect matching j (of which there exist (2NV)!/(2VN!) =
(2N — 1)), and K is the submatrix of K corresponding to the indices of measured photons.

We observe that Pr(n) is directly proportional to the number of perfect matchings associ-
ated with the observed modes with indices 7 when A is the adjacency matrix of the complete
graph of modes, K = A%? = ¢(A ® A), and Kg the submatrix of K corresponding to the
observed modes. Therefore, the number of perfect matchings can be obtained by sampling

from a Gaussian distribution with covariance og = o + Iop /2.
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3 Faa di Bruno’s formula

Equation (S75) can be evaluated as discussed by Kruse et al,? using Faa di Bruno’s formula

o 3|B|y
T =) W] 75 y=vlna,.. 1), (S79)
oz, --- 0z, T;Pn gr [Lcg 0
where P, is the set of partitions of n indices {1,2,...,n}, while |7| is the number of blocks

of partition 7, and |B| is the number of elements in block B.

Example 1. A simple example with n = 3 illustrates Eq. (S79) as applied to computing

83

3i5es0s (W), With y = y(z1, 22, 23). The set Py of possible partitions of indices {1,2,3}

includes one partition m; with one block m = {{1,2,3}} (|| = 1, one block of size three);
three partitions with two blocks, including m = {{1,2},{3}}, m5 = {{1,3},{2}}, ms =
{{2,3},{1}} (|ma34] = 2); and finally one partition with three blocks m5 = {{1}, {2}, {3}}

(|ms] = 3). Hence, |Ps] =5 and we obtain

0? o Py
8x18x26x3f(y) N f (y) 8x18x28x3 e
Py 0Oy Py 0Oy Py Oy
" o S80
') <63:18332 03 + 0x10x3 01y + 012013 0;1:1) + (580)

iy 20 90 00
0x1 0x9 Ox3

Analogously, to evaluate Eq. (S77), weusen = 2N,z = a, y = %aTKoz, and f(y) = e¥. Note

that in this case fI™)(y) = f(y) for all partitions. It is important to note that the function

%aTK « is quadratic in «, so all derivatives of third order or higher vanish. Furthermore,

the argument of Eq. (S77) is evaluated at oy = 0, so all first order derivatives also vanish.

This leaves only the partitions for which |B| = 2 for all blocks, which implies |7| = N (i.e.,

perfect matchings, the partitions of 2/V indices into N blocks of pairs can be interpreted as

S18



permutations of the 2/NV photon indices). Therefore, we obtain

an 82N 10T Ko LT a2y
W) =y =" " = (S81)
Oxy -+ Oxy, lel OayOasf FEEP:M gr HleB Oy

where PM C P,y denotes the subset of perfect matchings. Using that the second-order

derivatives of y can be expressed in terms of the matrix elements of K, we finally get

1 92N .
Pr(n) = _ JbaTKa
\/W N IY, dcuda; .
(2N-1)!!
\/M Z HKMJ(% 1,5 (2k) (S82)
j=1 k=1
1
= ———Haf(Kj),
‘ det<0'Q)’

Example 2. A simple example, with N = 2, shows how the partitions that contribute
to Eq. (S81) can be interpreted as permutations of the photon indices. Let us assume that
M =4 and N = 2 photons are measured in the last two output modes 3 and 4. We then have
a = {ag, aq, 05, a5}, We label the indices as follows: {a3 — 1,a4 — 2,05 — 3,0} — 4}.

The perfect matchings are given by
o e, = {{1,2},{3,4}}
o mru, = {{1,3},{2,4}}
o Ty = {{1,4},{2,3}}

We therefore conclude that

323/ 2) (2 2 2) (2
Z H L., 0 = yb)yéi + %yéi + ?Aiyég)
nePM Ber L111€B

Py Dy Py Py Py Py (S83)
~ Oazday Oai0ay  Oazdas Daydaly  Oaszdag Daudas

= K34Krg+ K37 Kyg+ K3gKy7.
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We note that the index combinations of the partial derivatives in the first row can be mapped
into permutations corresponding to perfect matchings. These permutations (Fig. S1) can be
written in vector format as p; = (1,2,3,4), p2 = (1,3,2,4) and us = (1,4, 2, 3), also denoted
as 01 = id, 09 = (23), and o3 = (243). Note, that the blocks are ordered from left to right
corresponding to their block indices from lowest to highest and the numbers within a block

are also in increasing order, so p;(2k — 1) < p;(2k + 1) and p;(2k — 1) < p;(2k).

06 — id o7 = (23) o8 — (243)
He = (1727374) K7 = (15372a4) Hg = (1747273)

1I Is 106—03 1><3
2 4 2004 2 4

K34K7 g K3 7Kg K3 8Ky 7

Figure S1: Top: Index combinations as perfect matchings of a graph with four nodes. Bot-
tom: Construction of the 2 x 2 submatrix Kg from the 8 x 8 symmetric matrix K = A%? for
two photons measured in the last two output modes 3 and 4.

4 Covariance matrix of squeezed and rotated state

The goal of Appendices 4 and 5 is to prove Eq. 13 in the main text, which establishes
a relationship between the covariance matrix of the M-mode squeezed and rotated state,
o, and the graph adjacency matrix A. In this appendix, we first give the expression of o
expressed according to the squeezing parameters and the M-mode rotation matrix U that
defines the linear interferometer. Then in Appendix 5 we show how A®2 = cA @ cA is
identified as the so-called kernel matrix K, which one-to-one correspond to the covariance

matrix o.
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Recall the definition of the squeezing operation

~

S(r) = elr@?+r@h?)/2. (S84)

where the real-valued r is referred to as the squeezing parameter. We aim to show that the
action of the squeezing operator on the creation and annihilation operators are equivalent

to the following linear Bogoliubov transformation

a cosh(r) sinh(r)| | a a
— = : (S85)
af sinh(r) cosh(r)| |a (a")f

To proof this relationship, we derive the following
S(r)taS(r) = cosh(r)a + sinh(r)al. (S86)
We set

A= (r(a)* —r(@@h?)/2, (S87)

0 1 . . R <S88)
= Z E[A’ [A, [A, a] 11,
k=0
where each term contains & commutators. Noting that
ios Lo A1\2 ~t
[A,a] = Slr(a)” —r(a'), a] = ra,
2 (S89)
[4,a"] = ra,
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we have

r*a  if k is even,

(A, [Ad]...] = (S90)
rkat if k is odd.

Then we obtain

2k+1

oo 2k o0
NN . T
S(T)TaS(r):aZ(Qk Z N

k=0 (591)
= acosh(r) + a'sinh(r).

We now show that the covariance matrix of single mode squeezed state is

o) = 1 cosh?(r) + sinh?(r)  2cosh(r)sinh(r) . (592)
2 2cosh(r)sinh(r)  cosh?(r) + sinh?(r)

For the first element of the squeezed state covariance matrix o7,, we substitute in the defi-

nition of the covariance matrix in Eq. 3 in the main text

/ ...,
oy = S @)
1,
=3

= %<(C08h(7")2 + sinh(r)?)(aa' + a'a) 4 2sinh(r)cosh(r)(aa + a'al)) (593)
= %(cosh(r)2 + sinh(r)?)(aa’ + a'a) + sinh(r)cosh(r){(aa + a'al))

= %(cosh(r)Q + sinh(r)),

where the last equality uses (aa' + a'a) = 1 and (aa) = (a'a’) = 0 for the vacuum state.

Note that all averages are taken for the vacuum state density matrix since the creation and
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annihilation operators are in the Heisenberg representation. Similarly,

= {(cosh(r)a + sinh(r)a") (cosh(r)a + sinh(r)a’
= ((cosh(r)a 4 sinh(r)a’)(cosh(r)a + sinh(r)a')) (S04)
= (cosh(r)*(aa) + sinh(r)?(a’a’) + 2sinh(r)cosh(r){a', a})

= sinh(r)cosh(r).

The derivation for the other two elements of ¢ are analogous. Gathering all elements we
obtain Eq. (592).

Next, we show that applying an M-mode rotation, specified by an M x M unitary rotation
matrix U, on the single-mode squeezed states specified by Eq. (S92), results in a state with

the following covariance matrix

T

U 0 U 0
o= Tsque , (S95)
0 U* 0 U

where ogque is the generalization of Eq. (S92) to M modes, as shown in Eq. 24 in the main
text. To prove this, we first write a given 2M x 2M covariance matrix ¢ in the following

block form

B G

Qe
I

: (S96)
D C

where all four blocks are M x M matrices. We now show that an M-mode rotation specified

by the M x M unitary matrix U would rotate the covariance matrix to be

T

, U o U 0 B
5 = G - , (S97)
0 U 0 U D
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/ /!

where B = UBU', ¢ = U*CUT, G' = UGU”, D' = U*DU?'. As derived in Eq. 28 in the
main text, the M-mode rotation linearly combines all M original annihilation/creation oper-
ators to obtain the rotated annihilation/creation operators, with the combination coefficients

specified by elements of U

M
/\, A
a, = E Ugjaj,
=1

" (S98)
@) = 3 vl
j=1
According to the definition of the covariance matrix in Eq. 3 in the main text, an element
o,. of the upper-left block B (1 < i,j < M) of the rotated covariance matrix o', can be

J

expanded as

which proves B® = UBU'. The same procedure is carried out for C, G and D to prove

Eq. (S97). In particular, with 6 = oyque, we have

T
U 0 u* 0
Oout = Osque ) (8100)
0o U 0 U
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as in Eq. 30 in the main text.

5 Kernel matrix for the N-mode rotated state

The goal of this section is to prove Eq. 13 in the main text. First, we show that the squeezed
state covariance matrix o’(r), derived as in Eq. (S92), corresponds to the kernel matrix K (r)
that has the following form

K(r) = tanh(r) 0 | (s101)

0 tanh(r)

where the kernel matrix K of a Gaussian state is defined according to its covariance matrix:

og=0+1/2,
K=X(I—-o05",
N (5102)
01
X —
10
According to Egs. (592) and (S102),
oo(r)=0a'(r)+1/2
1 |cosh®(r) + sinh*(r) + 1 2cosh(r)sinh(r)
2 2cosh(r)sinh(r) cosh?(r) + sinh?(r) + 1 (5103)

cosh? (r) cosh(r)sinh(r)
cosh(r)sinh(r) cosh?(r)
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Taking the inverse of the matrix,

1 cosh?(r) —cosh(r)sinh(r)

(0g(r) = cosh®(r) — sinh?(r)cosh?(r) —cosh(r)sinh(r) cosh?(r)

1 cosh?(r —cosh(r)sinh(r
1 ) (r)sinh(r) 1o
cosh”(r) —cosh(r)sinh(r) cosh?(r)
1 —tanh(r)
—tanh(r) 1
and substitution in the definition for K yields
0 1 10 1 —tanh(r)
K(r)= —
10 01 —tanh(r) 1
. (S105)
tanh(r) 0
0 tanh(r)

The results above are for 1-mode squeezed states. Generalizing to M-single-mode squeezed

states is trivial since all modes are unentangled with each other. In that case, we have

0 M tanh(r;
IM - U]TJl—squeezed,Q = ®J_1 ( ]) (8106)
@jj\il tanh(r;) 0
, (S107)
and the M-mode squeezed state kernel matrix is
M

-~ tanh(r; 0

KMfsqueezed = @]_1 ( ]) M (8108)
0 D, tanh(r;)
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Now we show that the covariance matrix of the N-mode squeezed state in Eq. (S100) corre-

sponds to the following kernel matrix
K=c(A@ A) = A®?, (5109)
where the adjacency matrix A is decomposed according to Takagi’s factorization as
| M
A=U|-Eptanh(r;) | U" S110
(FDmiry ) 0" 110

where 1/c is a constant greater than the largest singular value of A, ensuring that every

scaled singular value can be represented by the form of tanh(r;). We begin by setting

- U o0
U= , (S111)
0 U”
so that Eq. (S100) becomes
o=Ud(r)U'. (S112)

The corresponding matrix og = o + /2 can be written as

0o =0 + I/2
= Uo'(r) U+ UITT/2
. ) (S113)
=U(o'(r)+1/2)U"
= (ja'Q(r)UT.
Moreover, since U is unitary,
o, = UU'Q(T)_IUT. (S114)

S27



Therefore,

[—oy' =1- ﬁJ’Q(r)_IUT

=U(I- op(r)) Ut

N
0 0 D, tanh(r;) i
EB;VZI tanh(r;) 0

] (S115)

U 0 0 @jvzl tanh(r;)| [UT 0

0 U*| |@, tanh(r;) 0 0o UT

0 U @jvzl tanh(r;)U”T
U* @;Vzl tanh(r;)UT 0

where the third equality is obtained according to Eq. (S106). The kernel matrix K =

Xon (Ioar — 0g') is then

since A is real.

0 Iy 0 U@L, tanh(r;)UT
Iy 0| |U"@) tanh(r))UT 0

U* @jj\iltanh(rj)UT 0
0 U@L, tanh(r;)UT (S116)

cA* @ cA
c(As A)

P2
AP,
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